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Abstract 

A general result on the explicit form of the general error locator polynomial for all cyclic codes is given, 
along with several results for infinite classes of cyclic codes with t = 2 and t = 3. From these, a theoretically 
justification of the sparsity of the general error locator polynomial is obtained for all cyclic codes with t < 3 
and n < 63, except for three cases where the sparsity is proved by a computer check. Moreover, we discuss 
some consequences of our results to the understanding of the complexity of bounded-distance decoding of cyclic 
codes. 
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I. Introduction 

This paper focuses primarily on some issues concerning the efficiency of bounded-distance decoding for 
cyclic codes. Cyclic codes form a large class of widely used error correcting codes. They include important 
codes such as the Bose-Chaudhuri-Hocquenghem (BCH) codes, quadratic residue (QR) codes and Golay codes. 
In the last fifty years many efficient bounded-distance decoders have been developed for special classes, e.g. the 
Berlekamp-Massey (BM) algorithm ([1]) designed for the BCH codes. Although BCH codes can be decoded 
efficiently, it is known that their decoding performance degrades as the length increases ([2]). Cyclic codes are 
not known to suffer from the same distance limitation, but no efficient bounded-distance decoding algorithm is 
known for them (up to their actual distance). 

On the other hand, the BM algorithm can also be applied to some cyclic codes, provided that there are enough 
consecutive known syndromes; namely, 2t consecutive syndromes are needed to correct a corrupted word with 
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at most t errors. Unfortunately, for an arbitrary cyclic code the number of consecutive known syndromes is less 
than 2t. When few unknown syndromes are needed to get 2t consecutive syndromes, a good strategy could be 
to develop an efficient method to determine expressions of unknown syndromes in terms of known syndromes. 
In [3] Feng and Tzeng proposed a matrix method which is based on the existence of a syndrome matrix with 
a particular structure. This method depends on the weight of the error pattern, so it leads to a step-by-step 
decoding algorithm, and hence the error locator polynomial may not be determined in one step. In [4] He et 
al. developed a modified version of the Feng-Tzeng method, and used it to determine the needed unknown 
syndrome and to decode the binary QR code of length 47. In [5], [6], [7] Chang et al. presented algebraic 
decoders for other binary QR codes combining the Feng-He matrix method and the BM algorithm. Another 
method used to yield representations of unknown syndromes in terms of known syndromes is the Lagrange 
interpolation formula (LIF)[8]. This method has two main problems: it can be applied only to codes generated 
by irreducible polynomials and its computational time grows substantially as the number of errors increases. 
The first problem was overcome by Chang et al. in [9]. Here the authors introduced a multivariate interpolation 
formula (MVIF) over finite fields and used it to get an unknown syndrome representation method similar to 
that in [8]. They also apply the MVIF to obtain the coefficients of the general error locator polynomial of the 
[15,11,5] Reed-Solomon (RS) code. Later, trying to overcome the second problem, Lee et al.[10] presented 
a new algorithm which combines the syndrome matrix search and the modified Chinese remainder theorem 
(CRT). Compared to the Lagrange interpolation method, this substantially reduces the computational time for 
binary cyclic codes generated by irreducible polynomials. 

Besides the unknown syndrome representation method, other approaches have been proposed to decode cyclic 
codes. In 1987 Elia [11] proposed a seminal efficient algebraic decoding algorithm for the Golay code of length 
23. Orsini and Sala [12] introduced the general error locator polynomial and presented an algebraic decoder 
which permits to determine the correctable error patterns of a cyclic code in one step. They constructively 
showed that general error locator polynomials exist for any cyclic code (it is shown to exist in a Grobner basis 
of the syndrome ideal), and gave some theoretical results on the structure of such polynomials in [13], without 
the need to actually compute a Grobner basis. In particular, for all binary cyclic codes with length less than 
63 and correction capability less or equal than 2, they provided a sparse implicit representation, and show that 
most of these codes may be grouped in a few classes, each allowing a theoretical interpretation for an explicit 
sparse representation. In any case, direct computer computations show that the general error locator polynomial 
for all these codes is actually sparse. The efficiency of the previous method depends on the sparsity of the 
relevant polynomial. At present, there is no theoretical proof of the sparsity of general error locator polynomials 
for arbitrary cyclic codes (and no proof for sparse representations), but there is some experimental evidence 
in the binary case. The proof of its sparsity in the general case would be a significant result in complexity 
theory, because it would imply that the complexity of the bounded-distance decoding problem for cyclic codes 
(allowing unbounded preprocessing) is polynomial in the code length. 

In [13] the authors also provide a structure theorem for the general error locator polynomials of a class 
of binary cyclic codes. A generalization of this result is given in [8]. The low computational complexity of 
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the general error locator polynomial for the two error-correctable cyclic codes has motivated the studies for 
variations on this polynomial [14], [15], [16]. We note that Grobner bases could also be used for online decoding. 
In [17] Augot et al. proposed an online Grobner basis decoding algorithm which consists of computing for 
each received word a Grobner basis of the syndrome ideal with the Newton identities, in order to express the 
coefficients of the error locator polynomial in terms of the syndromes of the received word. 

Our results 

In what follows, we list the main original contributions of this paper. 

• We give a general result on the structure of the general error locator polynomial for all cyclic codes, which 
generalizes Theorem 1 of [8]. 

• We provide some results on the general error locator polynomial for several families of binary cyclic codes 
with f < 3, adding theoretical evidence to the sparsity of the general error locator polynomial for infinite 
classes of codes. 

• As a first direct consequence to f = 2, we theoretically justify the sparsity of the general error locator 
polynomial for all the five remaining cases which were not classified in [13]. 

• As a second direct consequence to f = 3, we classify the cyclic codes with n < 63 and f = 3 according to 
the shape of their general error locator polynomial, justifying theoretically the results for all cases except 
three. For the remaining three cases, the general error locator polynomial can be computed explicitly. 

• Finally, we provide some results on the complexity of bounded-distance decoding of some classes of cyclic 
codes. Some results are conditioned to a conjecture and others hold unconditionally. 

Paper organization 

The remainder of the paper is organized as follows. In Section II we review some definitions concerning 
cyclic codes: we recall Cooper’s philosophy, the notion of general error locator polynomial for cyclic codes 
and how this polynomial can be use to decode. In Section III we show our main result. Theorem 12 which 
provides a general structure of the error locator polynomial for all cyclic codes. In Section IV we show how the 
previous results can be used to obtain a sparse representation of the general error locator polynomial for three 
of the five exceptional cases of Theorem 28([13]) and we give new results on the structure of the general error 
locator polynomial for some infinite classes of binary cyclic codes with t = 2, including the two remaining 
cases. In Section V we provide a general error locator polynomials for all binary cyclic codes with t = 3 and 
n < 63. A sparse representation is theoretically justified for all cases, except three. We also give new results 
on the structure of the general error locator polynomial for some infinite classes of binary cyclic codes with 
< = 3 In Section VII, we draw some conclusions. 

II. Preliminaries 

In this section we review standard notation. The reader is referred to [18], [19] and [20] for general references 
on coding theory. Throughout the paper, n will denote an odd number n > 3. Vectors are denoted by bold 
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lower-case letters. 


A. Some Algebraic Background and Notation 

Let q = p®, where p > 2 is any prime and s > 1 is any positive integer. For us, F, denotes the finite field 
with q elements. 

Sometimes we will deal with rational expressions of the kind with f,g^¥q[xi,... ,xi] for some £ > 1. 
When we evaluate this expression on any point P G (F^)^ it is possible that g{P) = 0. However, our rational 
expressions are evaluated only in points such that if g{P) = 0 then also f{P) = 0, and when this happens we 
always use the convention that = 0. 


B. Cyclic codes 

A linear code C is a cyclic code if it is invariant under any cyclic shift of the coordinates. Cyclic codes 
have been extensively studied in coding theory for their useful algebraic properties. We only consider [n, fc, d]g 
cyclic codes with (n, g) = 1, that is n and q are coprime. Let R = Vq[x\/{x'^ — 1), each vector c G F^" is 
associated to a polynomial cq -I- cia; + • • • + G R, and it is easy to prove that cyclic codes of length 

n over Fg are ideals in R. Let F^m be the splitting field of x" — 1 over F^, and let a be a primitive n-th root 
of unity over F^, then it holds a;” — 1 = Let g{x) G Fq[a;] be the generator polynomial of an 

[n, k, c?]q-cyclic code C, i.e. the monic polynomial of degree n — k such that {g{x)) = C. It is well-known that 
g{x) divides x" — 1 and the set Sc = {ii, • • ■, in-k \ = 0, j = 1,..., n — /c} is called the complete 

defining set of C. Also, the roots of unity {a® | i G Sc} are called the zeros of the cyclic code C. Notice that 
the complete defining set permits to specify a cyclic code. By this fact, we can write a parity-check matrix for 
C as an {n — k) X n matrix H = {hjfi}jy over F such that hj^ = where a is a fixed primitive nth roots 
of unity, ij G Sc and f' = 0,..., n — 1. As the complete defining set is partitioned into cyclotomic classes, 
any subset of Sc containing at least one element per cyclotomic class is sufficient to specify the code. We call 
such a set a defining set of C. We will use Sc to denote a defining set which is not necessarily a complete 
defining set. 


C. Cooper’s philosophy 

In this section we describe the so-called Cooper’s philosophy approach to decode cyclic codes up to their 
true error correction capability [21]. The high level idea here is to reduce the decoding problem to that of 
solving a polynomial system of equations where the unknowns are the error locations and the error values. 

Given an [n, fc, code C, we recall that the error correction capability of C is f = [(d — 1)/2J, where 
[a;J denotes the greatest integer less than or equal to x. Let c,r,e G (F^)" be, respectively, the transmitted 
codeword, the received vector and the error vector, then r = c -|- e. If we apply the previously indicated parity- 
check matrix H to r, we get Hr = H{c + e) = He = s G (Fgm)"“^. The vector s is called syndrome vector. 
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Recall that a correctable syndrome is a syndrome corresponding to an error vector e with Hamming weight 
< t. If there is an error vector e of weight n < t, such that 

e = ei,,0,... ,0,ei^,0,... , 

h — l h Ik V n — 

then the set L = {li,... ,lf^} C {0,...,n — 1} is the set of the error positions, the set {a^ \ I G L} is 
the set of the error locations, and {ej^,..., e;^} is the set of the error values. The classical error locator 
polynomial associated to the error e is the polynomial CTc (^) — nieL(l — za''), i.e. the polynomial having 
as zeros the reciprocal of the error locations; whereas the plain error locator polynomial is the polynomial 

^e{z) = - Q^). 

It is clear that finding Le(z) (or a(z)) is equivalent to finding the error e; once it is found the decoding process 
concludes by applying the Chien search [22] to find the error positions. Associating variables Z = {zi,..., Zt) 
to the error locations, X = {xi,... ,Xn-k) to the syndromes components Si, and Y = {yi,... ,yt) to the 
error values, the Cooper’s philosophy approach consists of writing a polynomial system of equations (and the 
corresponding solutions form the syndrome variety or CHRT-vanefy), as follows. To accomodate for the case 
when the error number, \L\, is strictly less than t, it is convenient to add ghost error locations, that is, t — \L\ 
zero values for the Zj’s. As we will show in a second. Cooper’s equations will remain valid with this assumption. 
The syndromes are rewritten in terms of power sums functions 

t 

Xj = Vhz"^, f<j<n-k-, 

h^l 

to Specify where these values lie the equations 

-Xj, - Zh, yl~^-l, for 1 < h < t, I < j < n - k, 

are added, and finally, using 

ZhZh'Ph.h', where Ph,h'= {z^ - z'^,)/{zu - Zh'),l < h < h'<t, 

it is guaranteed that the locations (if not zero) are all distinct. Studying the structure of the syndrome variety 
and its Grobner basis, it was proved ([12]) the existence of a general error locator polynomial for every cyclic 
code. In more details, a general error locator polynomial C for an [n, k, d]q cyclic code C is a polynomial in 
Fg[Ar, z], with X = (xi ,..., Xn-k) such that 

• C{X, z) = z^ + at-i{X)z*~^ H-+ ao(A'), with Oj G 0 < j < f — 1; 

• given a correctable syndrome s = {xi ,..., Xn-k), if we evaluate the X variables in s, then the t roots of 
£(s, z) are the y error locations plus zero counted with multiplicity t — y. 

Notice that the second property is equivalent to £(s, 2 :) = z^~^^'Le{z), where e is the error associated to 
syndrome s. Also, the general error locator polynomial C does not depend on the errors actually occurred, but 
it is computed in a preprocessing fashion once and for all. As a consequence, the decoding algorithm is made 
up of the following steps: 

• Compute the syndrome vector s corresponding to the received vector r; 
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• Evaluate L at the syndromes s; 

• Apply the Chien search on C{s,z) to compute the error locations {a* | ? G L} ; 

• Compute the error values {e; | / G L}. 

This approach is efficient as long as the evaluation of C is efficient (see Section VI). 

D. General error locator polynomials for some binary cyclic codes 

Here we recall some techniques used in [13] to efficiently compute a general error locator polynomial for 
binary cyclic codes without using Grobner bases. In this section we only deal with binary cyclic codes and we 
will often shorten “binary cyclic (linear) code” to “code” when it is clear from the context. 

Let C be a code with error capability f = 2, s a correctable syndrome, and zi and Z 2 the (possibly ghost) 
error locations corresponding to the syndrome s. Then, by definition we know that £{X, z) = z'^ + az + b, 
where a,b G F 2 [Ai], and b{s) = Z 1 Z 2 , a(s) = zi + Z 2 - Moreover, there are exactly two errors if and only if 
b{s) f 0, and there is exactly one error if and only if b{s) = 0 and a(s) f 0 (in this case the error location is 
a(s)). 

Definition 1. We denote by the set of syndromes corresponding to p errors, with 0 < p < t. The set of 
correctable syndromes V is given by the (disjoint) union of the syndromes for p. = 0,..., f (corresponding 
to 0, ..t errors, respectively), i.e. 12 = U U ..., UV*. 

Definition 2. Let (7 be a code with t = 2. A polynomial h(2f) in F 2 [a;i,..., = F 2 [Ar] is called a 

bordering polynomial if 

h(v°) = h(Vi) = { 0 }, h(V") = {l}. 

The importance of bordering polynomials comes from the following facts: 

Proposition 3 ([13]). Let C be a code with t = 2. Let C* = z'^ + a{X)z + b*{X) be a polynomial in 
F 2 [xi, ..., Xn-k, z\ = F2[7f, z\, s.t. L*(s, z) is an error locator polynomial for any weight-2 error correspond¬ 
ing to a syndrome s G V^. Let L'q = z + a{X) be an error locator polynomial for any weight-1 error, and h 
be a bordering polynomial. Then 

Cc{X,z) = z"^ + a{X)z + b*{X)h{X) 
is a general error locator polynomial for C. 

Remark 4. Notice that if Sc contains 0 then, as shown in [13, p. 1105], a bordering polynomial for C is given 
by (1 + xo) with xq the syndrome corresponding to 0. 

Another useful definition from [13] is that of s2ec code. 

Definition 5. Let C be a code, we say that C is a strictly-two-error-correcting code (briefly s2ec code) if, 
when we know that exactly two errors have occurred (that is p = 2), then we can correct them. 
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Trivially every code with distance d > 5 is a s2ec code, however there are s2ec codes with distance d = 3, 
e.g. the code defined by n = 9 and Sc = {1} (see [13] for details). 

In [13] a complete classification of all binary cyclic code with t < 2 and n < 63, with respect to their 
defining sets is given. 

Theorem 6 ([13]). Let C be an [n, k, d] code with d G {5,6} and 7 < n < 63 (n odd). Then there are seven 
cases: 

1. either n is such that the code with defining set {0,1} has distance at least 5, 

2. or C is a BCH code, i.e. Sc = {1)3}, 

3. or C admits a defining set of type Sc = {1, n — 1, 1}, with I = 0, n/3, 

4. or C admits a defining set of type Sc = (I, n/l}, for some I > 3, 

5. or C is one of the following exceptional cases 

a) n = 31, Sc = (1,15}, 

b) n = 31, Sc = (1, 5}, 

c) n = 45, Sc = (1,21}, 

d) n = 51, Sc = (1,9}, 

e) n = 51, Sc = (0,1,5}. 

6. or C is a sub-code of one of the codes of the above cases, 

7. or C is equivalent to one of the codes of the above cases. 

According to this classification, the authors in [13] provide an explicit general error locator polynomial for 
all the codes in the first five cases. For the codes in cases 6. and 7., such locators can be gotten from those of 
the previous cases, as described in the next theorem 

Theorem 7 ([13]). Let C,C' and C" be three codes with the same length n and the same correction capability 
t. Let Cc,C,c' ond Cc" denote their respective general error locator polynomials. 

If C is a subcode of C, then we can assume Lc = C,c'- 

If C is equivalent to C" via the coordinate permutation function f : (F 2 )" —>■ (F 2 )", then we can decode 
C using Lc" (via f). 

It is straightforward to see that any code C (up to equivalence) covered in Theorem 6 has a general error 
locator polynomial of type C{X) = + xiz + h{X), where xi is the syndrome corresponding to 1, since 

1 G Sc in all the cases. So what remains to compute is b{X). For all the first four cases the shape of b{X) 
can be theoretically determined and proved to be sparse. The codes in 5. of Theorem 6 are those for which 
the general error locator polynomials are not theoretically justified within [13], and are solely obtained with a 
Grobner basis calculation. 
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Remark 8. When the defining set is not complete, the general error locator polynomial will not contain n — k 
X variables, but a smaller number. If the defining set is given as small as possible, then there is only one 
syndrome per cyclotomic class and we call such syndromes primary syndromes. For example in Theorem 6, 
the defining sets of cases l.,2. and 5. correspond only to primary syndromes, while for cases 3. and 4. one 
syndrome could be unnecessary. The reason why we keep a formally unnecessary syndrome is that our aim is 
to provide a sparse description of our locators in polynomial ring Fq[a;i,..., z] and to do that we are 
obviously authorized to use all the ring variables. From now on we reserve the letter r to denote the number 
of syndromes we are actually working on and so r will be at least the number of primary syndromes and at 
most n — k. In particular, we will assume V C and X = {xi, ..., Xr)- 

III. A GENERAL DESCRIPTION FOR THE LOCATOR POLYNOMIAL 

In this section we give a new general result on the structure of the error locator polynomial for all cyclic 
codes over F^. 

Let Rn = {a* | i = 0,..., n — 1}. Let us denote with T„ t the following set (compare with [8, p. 131] and 
Def. 13 of [13]) 

Tn,t = {(a'',...,a''‘,0,...,0) | 0 < < • • • < (^ < n, 0 < /r < f} C (i?„ U {0})‘. 

Let C be a cyclic code over Fg, with length n and correction capability t, defined by Sc = {*i, ■ • ■ ,L} and 
let Xj be the syndrome corresponding to ij for j G {1,... r}. The following theorem (Theorem 12)generalizes 
Theorem 1 of [8], which dealt with the case where the code could be defined by only one syndrome. Here 
we provide a description of the shape of the coefficients of a general error locator polynomial for cyclic 
codes over F,. We recall that these coefficients are polynomials in the syndrome variables X. When they are 
evaluated at a correctable syndrome, corresponding to an error of weight fj, < t, they can be expressed as the 
elementary symmetric functions on the error locations Zi,..., and zero (with multiplicity t — /r), since the 
latters are the roots of the locator. By definition of elementary symmetric functions, they can then be expressed 
as elementary symmetric polynomials in p variables on the zi,...,z^. We will need the existence of a 
polynomial representation for arbitrary functions from (F^)" to F^. This is not unique and can be obtained 
in several ways, including multivariate interpolation ([9]). We report a standard formulation in the following 
lemma. 

Lemma 9 ( [23, p. 26]). Let / : F^ —>■ F^. Then f can be represented by a polynomial in Fg[a;i,..., Xn\, that is, 
there exists a polynomial P G Fq[a;i,..., x„] such that P{bi, ..., bn) = /(&i, ■ • •, bn) for all (&i,..., bn) G F^. 
In particular the polynomial 

/(ai, ■ • ■,««)[! - • • • [1 - (x„ - 

(ai,...,a„)GFJ 

represents f. 

The next two lemmas clarify some links between syndromes and error locations which will be essential in our 
proof of Theorem 12. 



Lemma 10. Let a G ¥q[yi,... ,yt\ be a symmetric function. Then there exists a G such that for 

a{xi,. ..,Xr)= o-{zi ,. . . , Zp, 0 ..., 0) 
with zi,... Zp the error locations corresponding to Xi , Xr. 

Proof. We claim that the statement is obvious for elementary symmetric functions, as follows. Let ai.. .at 
be the elementary symmetric functions in Fg[yi,... ,yt\. The existence of a general error locator polynomial 
for any cyclic code guarantees that, for any \ < i < t, for any at there is at G Fg[a;i,... ,Xr\ such that for 

{xi,...,Xr) & V'' 

a^{xl, ...,Xr)= ai{zi ,..., z^, 0 ..., 0) 

with zi,... z^ the error locations corresponding to xi ... ,Xr. 

For the more general case of any symmetric function ct G Fg[?/i,..., yt], we need the fundamental theorem on 
symmetric functions, which shows the existence of a polynomial H G Fg[?/i ..., yt] such that a{yi,... ,yt) = 
H{ai{yi,.. .,yt),.. .,atiyi. ■ ■,yt))- We can define a = H{ai, ...,at) G F,[X]. So for {xi ,... G 
and the corresponding locations zi,... z^, we have 

cr(zi,..., z^, 0,..., 0) = H{ai{zi ,..., z^, 0,..., 0),..., at{zi ,..., z^, 0,..., 0)) = 

= H{ai{xi,.. .,Xr), ...,at{xi.. .,Xr)) = a{xi, ...,Xr). □ 

Lemma 11. Let h G Fg[X] with deg^.h < q for all i = l,...,r, and h(xi,X 2 , ■ ■ ■ ,Xr) = 0 for all 
{xi,... ,Xr) G (Fq)’’ with xi f 0. Let I G Fg[X] and g{x 2 .. ■ ,Xr) G ¥q[x 2 , ■ ■ ■ iXr] such that h{X) = 
xiI{xitX 2 , ■ • ■, Xr) + 9 {x 2 , ■ • ■, Xr). Then 

h = g{x 2 ,...,Xr) or h = {1 - xl~^) ■ g{x 2 , ■ ■ ■ ,Xr). 

Proof. Clearly, for any h the two polynomials I and g are uniquely determined. 

If h{X) G ¥q[x 2 . ■ ■ ,Xr], trivially, we have that h{X) = g{x 2 , ■ ■ ■ ,Xr). So we can suppose that h{X) ^ 
Fq[a :2 ■ • ■, Xr], and let us define the polynomial h{X) = (1 — Xi~^) ■ g{x 2 , ■ ■ ■, Xr). Note that deg^,. h < q for 
all i = 1,..., r. We claim that h = h. Since the degree w.r.t. each variable Xi of both the polynomials h and h 
is less than q, to prove our claim we suffice to show that h{X) = h{X) for all X G (Fg)’'. Let us distinguish 
the cases xi = 0 and xi f 0. 

If ail = 0 then h{X) = 0d(0, X 2 ,-.-, Xr)+g{x 2 , ■ ■ ■, Xr) = g{x 2 , • • ■, air) and h{X) = (1 —0)-(/(ai2,..., Xr) = 
g{x 2 ,..., air). So, in this case h{X) = h{X). 

Otherwise, let xi f 0. By hypothesis, h{X) = 0. On the other hand, h{X) = (1 — 1) • g{x 2 , ■ ■ ■, Xr) = 0. So, 
also in this case h{X) = h{X). □ 

Theorem 12. Let C be a cyclic code over F^, with length n and correction capability t, defined by Sc = 
{ii,... ,ir} and let Xj be the syndrome corresponding to ij for j G {l,...r}. Let a G ¥q[yi,... ,yt] be 
a symmetric homogeneous function of total degree 5, with 5 a multiple of ii, and let X be a divisor of n. 
Then there exist polynomials a G Fg[X], g G ¥q[x 2 , ■ ■ ■ ,Xr], some non-negative integers 62 , ■■■ ,Sr and some 
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univariate polynomials Fh 2 ,...,hr G such that for any 0 < fj, < t, for any (xi,X 2 , ■ ■ ■ ,Xr) G and the 

corresponding error locations zi,..., z^, we have 

a(xi,X 2 ,...,Xr) = a{zi,...,z^,0,...,0) (1) 


and 


i{X)=xT^ ^ 


hr —0 


^2 

■E 

/l2=0 


X 2 


h 2 


Fh 2 ,...,hr- {Xl ) 


m _ -1 

+ (l-a;f ) ■ g{x 2 ,. ■ ■ ,Xr), (2) 


where 5i < - 1, <legFh^^,„^h^ < (g™ - 1)/A. 


Proof We observe that (1) is immediate by Lemma 10. To prove (2) we first show the case xi f 0 and then 
the general case. 


Case xi f Q 

Let us consider the following map A : {X G V | xi ^ 0} —>■ F^m defined by 

cr(zi,..., 0 ^,O, ...,0) 


A{xi,X 2 ,. . ■ ,Xr) = 




(3) 


where {zi,..., 0 ^, 0,..., 0) is the element of T„ t associated to the syndrome vector (xi,X 2 , ■ ■ ■, xf)- We claim 
that A depends only on (x^, X 2 lxf , •. •, Xrjxf). If our claim is true, then we have that 


A{xi,X 2 , ...,Xr)= f{Xi,X2lxf,. . ..Xrjxf) 


(4) 


for a function / : —>• F^m, and so, by Lemma 9, we can view / as a polynomial in Fgm[xi,... ,Xr]- 

Since V C (F^m)’’, we can also view Al as a (non-unique) polynomial A{X) G Fgm[X]. On the other hand, 
(3) and Lemma 10 show that A{X)x\^^^ G Fqm[X] equals a polynomial a G Fq[W] and so also A{X) can be 
chosen in Fq[X]. Therefore, by (4) also / can be chosen in Fq[X]. 

Let 62 = deg^^{f),... , 6 r = deg^^{f). Then, by collecting the powers of Xr in /, we will have / = 
'}2^h=o ^rfh, for some //j’s, which are polynomials in Fq[xi,..., x^-i]. We observe that for any 2 < f < r—1 we 
have that, for any 0 < h < dr, deg^. (fh) < deg^.{f) = Si and there is at least one h such that deg 2 ,.(/h) = 6 i. 
We can repeat this argument on all ffs by collecting powers of Xr-i and iterate on the other X variables, xi 
excluded, until we obviously obtain the following formal description 

5r <5r —1 82 

f{xi,X 2 ,...,Xr) = E E ^r-~i ^ 2 ^Ph 2 ,...,hr{xi) , (5) 

hr — O hr-1—0 h2—0 

where any Fh 2 ,...,hr is ^ univariate polynomial in Fg[xi]. 

From (3), (4) and (5) we directly obtain the restriction of (2) to the case xi f 0, considering that xj = Xj 
implies (1 — x® ) = 0, <5^ < g™ — 1 and deg< (g"* — 1)/A. 

We now prove our claim that gives (4). Let us take (xi,..., x^) and (xi,..., Xr) such that x^ = x^, and 
Xj/Xi = Xjfxi , for j = 2,..., r. 

The first relation implies 

xi = /3xi, (6) 
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for some /3 such that (3^ = 1. 

Substituting xi for ^xi in the second relation for j = 2,... ,r, we obtain 


ilSxiYi 




(7) 


Suppose that (ii,... ,Xr) G and {xi,... ,Xr) G , with /x' < t. From (6), we get ijiS^ + • • • + 
+ • • • + yti'zY') = PyizY + • • • + Pyfi'zY, where Zi& and y^’s are the locations and the 
error values, respectively, associated to (xi,... ,Xr)', and similarly for Zi’s and y^’s. Also, from (7) we get 
yizY + • • • + y^iii = {yizY + • • • + y^^'Z^,), for j = 2,..., r. 

Let us now take i/j = yj and zj = fizj, for j = 1,... ,/x'. Since the Zj are distinct valid error locations (i.e. 
z" = 1, for j = 1,..., /x') we have that their syndromes are 

Xj = yizY 3 -h y^'Z^ = P'^mzY H-h l3'^ytJ.'z"Y = 

= /?*" {yizY H— + ytJ.'zY) = yizY H-h yt,zY = Xj, 

for j = l,...,r. 


Hence {xi,... ,Xr) = (xi,... ,Xr), which implies that their corresponding locations and values must be the 
same and unique, because /x, y' < t. Therefore y = y,', {zi,..., 5^} = {Pzi,..., /3z^}, and {yi ,..., = 

{yi,..., y^}, from which, using the fact that cr is a symmetric homogeneous function of degree 6 , we have 


A{xi, ...,Xr) 


<x{zi,---, SfX-,0, . . . ^ 0 ) ^ a{l3zi,...,(3Zf,,0,...,0) ^ 

{yizY H— + ytj.zj}y^"^ (yiWziY^ h- \-yf,il3Zf,YY^^''^ 

Y^crjzi 0,---,0) ^ a{zi,...,Zfj„0,...,0) ^ _ 

YHvizY + — \-yp.zYy^"^ (yizY 3 — + y,j.zYy/'^^ 


General case 

Let us consider the map A and the polynomial a introduced in the case xi Y 0- Let us extend A to all points 
in (Fgm)’’ defining A{X) = xf‘^^^a(xi,... ,Xr) when X G F^m \ V with xi Y ^nd A(X) any element in 
Fqm when X = (0, £ 2 , ■ • ■, Xr) G F^m. Since A is a map from (F^m)’’ to F^m, it is a polynomial function and 
the associated polynomial A{X) with degxi{A{x)) < q, for all i = 1,..., r, is unique. Now, let us consider 
the polynomial h{X) = a{X) — A{X). Thanks to what we proved in the case xi Y 0, we have that /i(X) 

satisfies the hypothesis of Lemma 11. Since h{X) ^ ¥qm[x 2 , ■ ■ ■ ,Xr\, by Lemma 11, we have that h{X) = 
(1 — x\ ) • g{x 2 , ■ ■ ■, Xr) for some g{x 2 , ■ ■ ■, Xr) G F^m. So a{X) = A(X) + (1 — x\ ) • g{x 2 , ■ ■ ■, Xr)- 
□ 

Corollary 13. Let C be cyclic code over Fg as in Theorem 12. Then the coefficients of the general error locator 
polynomial can be written in the form given by the previous theorem. 
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Corollary 14. Let C be a code with t = 2 defined by Sc = {ii, ■ ■ ■, ir}, with i\ = 1, and let C = xiz + b 
be a general error locator polynomial for C. If C is a primitive code, i.e. n = g™ — 1, then b = xfA with 
A G "^q[x 2 /xf,. . .,Xr/xf]. 

Proof Since t = 2, xi is zero if and only if there are no errors. Then, applying the previous theorem to C, 
we get that b = x\A with A G Fg[a:", x^jxf On the other hand, since C is primitive, x” is zero 
when xi is zero, and it is 1 when x\ is not zero. So for p, G {1, 2}, x” = 1 and b = xfA with A = A\x'^^i. 
We claim that b* = x\A is a valid location product also for the case /i = 0, which follows from the fact that 
p = 0 if and only if xi = 0. □ 

Previous corollary basically shows that in the case t = 2 the term of the form (1 — xf ~^)g does not appear 
in the expression of the locator coefficients. 

IV. On some classes of codes with t = 2 

In this section we provide explicit sparse representations for infinite classes of codes with t = 2, including 
all the five exceptional cases of Theorem 6. For some of these we also show the connection with Theorem 12. 

In Section II we have defined a bordering polynomial as a polynomial h G F 2 [2f] such that h(V°) = h(V^) = 
{0} and h(V^) = {1}. If 0 G Sc, then by Remark 8 it is trivial to exhibit a bordering polynomial. If 0 ^ Sc, 
we claim that in order to find such an h it is sufficient to find a polynomial wh G F2[2f], expressed in terms 
of primary syndromes only (see Remark 8), such that 

wh(V°) = wh(V^) = {0}, and 0 ^ wh(V^), 

and we will call it a weakly bordering polynomial. 

Lemma 15. Let wh be a weakly bordering polynomial for C. Then h = wh/wh is a bordering polynomial for 
C where wh is a rewriting of wU using non-primary syndromes. 

Proof Let wh be a weakly bordering polynomial for C. Given a primary syndrome Xj occurring in wh, we 
can consider the syndrome Xi such that Xj = x^, 2 i = j (mod n), and take wh as the rewriting of wh obtained 
with the substitution Xj —>■ xf. This allows us to consider h = wh/wh, with the usual convention 0/0 = 0. It 
is obvious that such an is a bordering polynomial for C. □ 

From now on, in order to write a general error locator polynomial for a binary cyclic code C with t = 2, 
we will be satisfied with exhibiting b* (as in Proposition 3) and wh as above. 

The following obvious lemma characterizes s2ec codes with 1 G Sc and it is a direct generalization of Lemma 45 

[13]. 

Lemma 16. Let C be a code with length n and Sc = ■ • ■ fir}, with ii = 1. The following statements 

are equivalent: 
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a) for any {zi,Z 2 } and {zi,Z 2 } subsets of Rn such that 

zf + zf = zf +zf J = 1,..., r, 

we have {zi, £ 2 } = {zi,Z 2 } 

b) C is a s2ec code. 

The following lemma is a generalization of Lemma 43 in [13]. 

Lemma 17. Let C be a code with Sc = {0,1,/} with correction capability t. Let C be a code with the same 
length of C and S'q = {1,/}. Then the correction capability of C is t = 2 if and only if C is s2ec. 

Proof Suppose that f = 2. To prove that C' is s2ec we will use the previous lemma. So, let (ii, 22 } and {zi, Z 2 } 
be subsets of Rn such that Z 1 +Z 2 = 21 + ^2 and z{ +Z 2 = z{ +Z 2 , and we shall prove that {zi, £ 2 } = {^ 1 , 22 }- 
Since we are assuming that f = 2, C is obviously s2ec. Note also that 5" + Z 2 = + ^2 = 0, since ii, £ 2 , 

zi, Z 2 are elements of i?„. So, applying the previous lemma to C, we get that (fi, £ 2 } = {zi, 22 }- 
Suppose, vice-versa, that C is s2ec. C is a subcode of C", then also C is s2ec. In addition, from the BCH 
bound we know that t>\. Then we are reduced to proving that we are able to distinguish the case with one 
error to the case with two errors. Let xq be the syndrome corresponding to 0, that is, xq = Zi + zj■ When 
p. = 1 then a;o = 1 + 0=1^ 0, while when p = 2 then a;o = 1 + 1 = 0- This proves that t = 2. □ 

Note that in [13] the authors proved a special case of Theorem 12: let C be a binary cyclic code with length 
n and defining set Sc = {1}, and C* the error locator polynomial that is able to correct two errors, such that 
£* = + a;iz + b*(xi). Then there exists a polynomial A G F 2 [ 2 /], such that 

b*(xi) = A(xi)xi . 

The first four exceptional cases have t = 2 and Sc = {1,/}, so we can apply Theorem 12 and get b*. As 
regards the fifth case, we consider the code C, defined by Sc = {1,5}, instead of C defined by {0,1,5}, 
and note that C is a s2ec (by Lemma 17). In this way we can get b* for C. Notice that b* for C is the same 
as that for C', since the additional syndrome (corresponding to 0) plays merely the role of determining the 
error weight. In conclusion, the polynomial b* can be determinated for three exceptional cases by Theorem 12. 
At this point we are still left with the problem of determining b, which reduces to finding h (or wh). In what 
follows we show how we can do this for two out of three exceptional cases of Theorem 6. 

Theorem 18. Let C be a binary code with {1, /} C Sc, such that I = 2"" + v > \, t = 2 and gcd(/ —2, n) = 1. 
Then we can take wh = x\ + X 2 , where Xi is the syndrome corresponding to 1 and X 2 is the syndrome 
corresponding to 1. 

Proof We see that 

x\ +X 2 = (zi + Z 2 )' + z' + Z 2 = {zf + zf)(zi + Z 2 ) + z' + Z 2 = 

= zf Z 2 + Ziz| = ZiZ 2 (z^ + Z 2 “^). 
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We know that 21^2 ^ 0, so we are left to prove ^ + ^2 0- This holds because if ^ = Z 2 

then gcd(/ — 2 ,n) = 1 implies z\ = Z2, which is impossible. □ 

We can apply Theorem 18 to describe the cases n = 31, with Sc = {1, 5}, and n = 51, with Sc = {!> 9}, 
of Theorem 6, taking I = 5 and v = 2 and I = 9,v = 3, respectively. In order to get h for the last case treated 
by Theorem 12, i.e. n = 51, Sc = {0,1, 5}, we use the syndrome xq corresponding to 0 and take h = x + 1 
(as in Section VI of [13]). 

There are still two cases left. These require a different approach. However, it turns out that this new approach 
can actually solve also the previous three cases in an even more efficient way. 

Theorem 19. Let C be a binary cyclic code with {1, 1, s — 2l, s — l, s} C Sc, t = 2, gcd(s —2/, n) = gcd((, n) = 
1. Let xi,X 2 ,X 3 ,X 4 ,x^ be the syndromes corresponding respectively to l,(,s — 21, s — I, s. Then 

, f X 2 X 4 +X 5 y 2 , , . /ox 

b = b = - , L = z +X1Z + 0, (8) 

\ ^3 J 

where l'^ is the inverse of I modulo n. 

Proof. Let us consider X 4 X 2 : 

X4X2 = (zj * + Z2 + z!f) = zf + z| + zj ^ Z2 + Z1Z2 ^ = 

= zf + z| + (ZiZ2)^(zJ + Z2 = X5 + {b*Yx 3 

Therefore we have (5*)^ = (x2X4+X5)/x3 and by the fact that gcd((, n) = 1 we have b* = ((x2X4 + X5)/x3)^^. 
For ^ = 2 we have X3 = zj“^^ + which cannot be zero because gcd(s — 21, n) = 1. 

We also have b* = b, because for /i = 1, X2X4 + X5 = z*z®“^ + z® = 0. 

□ 

Theorem 20. Let C be a code with {1, (n — 1)/?} C Sc, I a power of 2, 3 ] n, I {n — 1), and t = 2. Let 
xi,X 2 ,X 3 ,X 4 be the syndromes corresponding to 1,2, (ji — l)/l, n — 2. Then 

6 * = ^, wh = X4X3 + 1, £ = z^ + xiz + 6 *wh/wh, 

X3 

where wh = X 4 X 2 + 1 . 

Proof For p = 2 and by the fact that I is a power of 2 we have 

X1X3 = (zi+Z2)(zj "“^^^*+= 

= (zi + Z2)(zr^ + 4 ”^) = Zl+ ZiZf^ + Z2Zf^ + 4 = 

_ Zi ^ Z2 _zl+zl _ (zi + Z2)^ _ ^2 lu* 

Z 2 Zi Z 1 Z 2 b* 

from which we get b* = xixfK 
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Let us now consider wh(a;i, a; 2 ,X 3 , X 4 ) = X 4 xf + 1. We only need to prove that wh(Vi) = 0 and 0 ^ wh(V 2 ). 
For ^ = 1 we have wh = + 1 = 2 " + 1 = 0. 

For ^ = 2 we have 


(zr'++ 4 ) + 1 = +1 = 


+ 1 = 


t Z2 I £1 
\^Zl Z 2 


+ 1 . 


We are then left with the problem of proving 

2:1 22 

This is equivalent to a + a~^ 1 for a = |^. By contradiction, if we multiply by a we get + a + 1 = 0, 

which implies a € F 4 \ F 2 , from which follows that the order of a must be 3. However, a" = 1 (since zi and 
Z 2 are error locations) and this is impossible because we have assumed 3 \ n. □ 


Theorem 21. Let C be a code with {1,1 = 2^,r = 2^ — 2% 5 = 2-^ + 2^*+^)} C Sc with i > 0 and j > i + 2, 
and let t = 2. Let xi,X 2 ,x^,X 4 be the syndromes corresponding respectively to 1, I, r, s. Then 

{X2 + X^'" X3)b*''~'' = {xl + X4) 

Proof. We claim that in F 2 [zi, Z 2 ] for all i,j £ Nq, j > i + 2: 

{Z4 + Z2f+^'"^' + {zr + zr + (Zl + Z2f{zf-^' + Z^-^')) 

The statement is an immediate consequence of this claim. 


We now prove our claim. The right-hand side of the equality we want to prove is equal to 

(ZlZ2)^‘ {zf + zr + {zl' + zl'){zt-^' + zf-^^ 


{ZlZ2f [zf 


P- 2 ' 


P-2' 


■) 


Zo \ = Z 


2 (*+i) 2 ^ I 2 ^ 2 ^*+^) 

Zo “r Zn Zo 


On the other hand, since (zi + = (zi + Z 2 )^**'''^' (zi + Z 2 )^^ = + . 




the left-hand side is equal to z^ ^ ' z^^ 


OJ 2 <*+^’ 
■ Zl Z 2 


□ 


. 2 ^ 


), also 


Corollary 22. With the same hypothesis as in Theorem 21, and the assumptions that i = 0 and gcd(r—1, n) = 1 
we have that 


6 = 6 * = 


C = .‘ + ^,^ + b. 


^a ;2 + xiX3^ 

Proof. By Theorem 21, we get that 

{X2 + x4''x3)b*''~'' = (xi -I- X4). 

Let us suppose that i = 0 and gcd(r — l,n) = 1. Then, the previous equality becomes 

{X2 + XiX3)b* = (x{ + X4). 


(9) 


15 



First we show that /i = 2 implies {x 2 + xix^) ^ 0. We have that 

X2 + X 1 X 3 = {zf + Z 2 ) + {zi + Z 2 ){zf~^ + zf~^) = 

{zf + zf) + (zf + zf + z,zf-^ + zf-^Z2) = Z3Z2(zf-^ + zf-^). 

Now, because /j = 2 and gcd(r — 1,n) = gcd(2'’ — 2,n) = 1, ZiZ 2 (zf~^ + zf~^) ^ 0. Then (x 2 + X 1 X 3 ) is 
nonzero. So, we get b* = (xf + X 4 )/{x 2 + X 1 X 3 ). 

Furthermore, since for fi = 1, xf + X 4 = z'^ + z^ = 0, we also conclude that b* = b. □ 

We now apply the previous results to the exceptional cases of Theorem 6. Summing up we get the following. 

a) Case n = 31, Sc = {1,15}.' This is a special case of those covered by Theorem 20 for I = 1, i.e. where 
xi,X 2 , X 3 , X 4 correspond to 1, 2,30, 29. Hence we have b* = xi(x 2 , wh = xfx 4 + 1, and so the general error 
locator polynomial for the code is 


9 / x?X 4 + 1 

Z^ +X1Z+—I -- 

3^3 \ 3 ^ 23^4 + 1 


( 10 ) 


b) Case n = 31, Sc = {1, 5}.- This case is a special case of Theorem 19 for I = 1 and s = 10. Therefore 
we have that the general error locator polynomial for C is 

'a;iX4 + X 5 ' 


z +a;i 2 ; + 


3^3 


( 11 ) 


where a;i,a; 3 ,X 4 ,X 5 are the syndromes of 1,8,9,10 (x 2 = 3 ;i). 

c) Case n = 45, Sc = {1, 21}.- This case is a covered by Theorem 19 for I = 2 and s = 23, which gives 
the following general error locator polynomial 


z +a;iz + 


X 2 X 4 + X 5 

X 3 


23 


( 12 ) 


where xi, a; 2 , 3 : 3 , a; 4 , X 5 are the syndromes of 1, 2,19, 21, 23. Note that the inverse of 2 modulo 45 is 23. 

d) Case n = 51, Sc = {1, 9}.' This is a special case of those covered by Corollary 22 for z = 0 and j = 4 
which gives the following general error locator polynomial 


■ XiZ - 


x}® + X4 
Xi{xY’ + X3) 


(13) 


where xi,X 3 ,X 4 are the syndromes of 1,15,18. 

e) Case n = 51, Sc = {0,1, 5}.' For this code we get the general error locator polynomial as follows. 
Thanks to Theorem 21 with z = 0 and j = 3 , we have that xi{xl + X3)b* = (x}® + X4) where xi,X3,X4 are 
the syndromes of 1 , 7,10 respectively. Now, for some locations (zi, Z2) of weight 2 , (x^ + X3) becomes zero. 
However, when {x\ + X3) = 0 , it is easy to get the value of h*. Indeed, 

xl = (zi + Z2)^ = z[ + Z2 + (Z1Z2) ((zi + Z2)® + (ziZ2)^(zi + Z2)) ( 14 ) 

So, when (xl + X3) = 0 and p = 2 , we obtain that ((zi + Z2)® + b*'^{zi + Z2)) = 0 , which gives b* = xf. 
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In conclusion, if {xl + X 3 ) is nonzero, then b* = (a;}° + X 4 )/{xi{x'l + X 3 )), otherwise, b* = xf. 
To unify the two representations, we use the following result, which is proved in the Appendix B, 


(x[ + X 3 ) = 0 if and only if = 1 . 


(15) 


Since (x^®® + 1) = (xf^ + l)F(xf^) with F{y) = y'^ + + y + 1, from (15) we get that a general error 

locator polynomial for C is 


z'^ + XiZ + 


Xi° + X4 \ 
Xi(x^ + X 3 )/ 


\ F{xf ) j ’ 


(16) 


where xi,X 2 ,X 3 ,X 4 are the syndromes of 1,2,7,10. 

In Tables I, III and IV we list binary cyclic codes, up to equivalence and subcodes, with length less than 
121 which are covered by Theorem 18, Theorem 20 and Corollary 22 respectively. While, Table II reports the 
codes with length n < 105 which are covered by Theorem 19. 


TABLE I 

Binary cyclic codes with t = 2 and length < 121 covered by Theorem 18 


15. {1,3} 

17. {1} 

21, {1,3} 

25. {1} 

27, {1,9} 

31,{1,3} 

31. {1,5} 

35. {1,5} 

35, {1,3} 

45. {1,21} 

45. {1,3} 

45, {1,9} 

51,{1,3} 

51. {1,9} 

55. {1} 

63, {1,3} 

65. {1} 

73, {1,9} 

73, {1,3} 

73, {1,5} 

73. {1,17} 

75. {1,3} 

77, {1,33} 

81, {1,9} 

85, {1,3} 

85, {1,5} 

85, {1,9} 

91, {1, 17} 

93. {1,3} 

93, {1,9} 

95. {1} 

99, {1,33} 

99, {1,9} 

105, {1,3} 

115,{1} 

117,{1,9} 

119, {1, 17} 

119,{1,13} 






TABLE II 

Binary cyclic codes with t = 2 and length < 105 covered by Theorem 19 


9, {0,1} 

15. {1,3} 

15, {0,1, 7} 

17,{0,1} 

21, {0, 1, 5} 

21,{1,3} 

25, {1} 

27, {1,9} 

27. {0, 1} 

31, {0,1,15} 

31,{1,5} 

31,{1,3} 

33,{0,1} 

35, {1,3} 

35, {1,5} 

45. {0, 1, 7} 

45, {1,3} 

45, {1,7, 15} 

45. {1,21} 

45, {1, 9} 

51. {1, 3} 

51, {1,9, 17} 

51, {0, 1, 19} 

51,{0,1,5,11} 

55. {1} 

63, {1,3} 

63, {1,5,9} 

63, {1,27,31} 

63, {1,9, 31} 

63. {1, 11, 27} 

63, {0,1,31} 

15, {1,21,31} 

63, {1,5, 13,21} 

63,{1,5.11,21} 

63, {1,23, 27, 31} 

63, {1,5, 9, 31} 

63. {1,7, 13,27} 

63, {1,5, 11,27} 

63, {1,23,27,31} 

63.{1,5,11,21,31} 

65, {1, 3} 

65, {1, 7} 

65,{0,1} 

69. {0, 1, 5} 

73, {1,3} 

73,{1,17} 

73. {0,1,9} 

75, {1.3} 

75, {0, 1, 7} 

77, {1,33} 

81. {1,27} 

81, {0,1} 

81, {1,9} 

85. {1,3} 

85, {1,29} 

85, {1,7, 13} 

85, {1,7, 9} 

85. {1, 7, 21} 

85, {1,9, 17} 

85, {1,13,37} 

85. {1,21, 37} 

85, {0,1,21} 

87, {0,1,5} 

91, {0, 1, 17} 

91, {1, ,9,11. 13} 

93, {1,3} 

93, {1,5,9} 

93. {1,5, 15} 

93, {1,5,21} 

93, {1,5,45} 

93, {0, 1,23} 

93. {1, 11, 15} 

93, {0,1,5,11} 

95. {1} 

99. {1,9} 

99, {1,33} 

99, {0, 1} 


For the sake of space, we do not show the codes covered by Theorem 19 with length 105 < n < 121. We 
observe that in each table we also report BCH codes. 


17 


























































































































TABLE III 


Binary cyclic codes with t = 2 and length < 121 covered by Theorem 20 


17. {1} 

25. {1} 

31, {1, 15} 

31. {1,3} 

43. {1} 

55, {1,3} 

65. {1} 

73. {1,9} 

85, {1,21} 

91,{1,3} 

95, {1,7} 

115, {1, 7} 

119, {1, 13} 



TABLE IV 

Binary cyclic codes with t = 2 and length < 121 covered by Corollary 22 


15. {1,3} 

21, {1,3} 

25. {1} 

31. {1,3} 

31,{1,5,15} 

35. {1.3} 

45, {1,3} 

45, {1,9,15} 

51. {1,3} 

51, {1,9} 

55, {1,3} 

63, {1,3} 

65, {1,3} 


73, {1,3} 

73. {1,5} 

73. {1,17} 

75, {1,3} 

85, {1,3} 

85, {1,9, 15} 


85.{1,9,37} 

93, {1,3} 

93. {1,9,15} 

95. {1} 

105, {1,3} 

115.{1} 



V. On some classes oe codes with t = 3 

In this section we provide explicit sparse representations for some infinite classes of binary codes with 
correction capability t = 3. We also consider all binary codes with t = 3 and n < 63, showing that they can 
be regrouped in few classes and we provide a general error locator polynomial for all these codes. In [24] 
Chen produced a table of the minimum distances of binary cyclic codes of length at most 65. This table was 
extended to length at most 99 by Promhouse and Tavares [25]. 

The following theorem lists binary cyclic codes with t = 3 and n < 63 up to equivalence and subcodes that 
we obtain with MAGMA computer algebra system [26]. 

Theorem 23. Let C be an [n, k,d] code with d G {7,8} and 15 < n < 63 fn odd). Then there are only three 
cases. 

1) Either C is one of the following: 

n = 15,5c = (1,3,5}, n = 21,5c = (1,3,5}, 5c = (1,3,7,9}, 5c = (0,1,3, 7}; 
n = 23,5c = {1}, n = 31,5c = (1,3,5}, 5c = (0,1, 7,15}; 
n = 35,5c = (1,3,5}, 5c = (1,5,7}, n = 45,5c = (1,3,5}, 5c = (1,5,9,15}; 
n = 49,5c = {l,3},n = 51,5c = (1,3,9}, n = 55,5c = {0,1}; 

2) or C is a subcode of one of the codes of case 1); 

3) or C is equivalent to one of the codes of the above cases. 

Subcodes and equivalences are described in Table XI in the Appendix A. By Theorem 12 [13], we need to 
find a general error locator polynomial only for the codes in 1). For our purposes, it is convenient to regroup 
the codes as showed in the following theorem. 

Theorem 24. Let C be an [n, k, d] code with d G {7,8} and 15 < n < 63 fn odd). Then there are six cases 
1) either C is a BCH code, i.e. Sc = {1, 3, 5}, 
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2) or C admits a defining set containing {l,i,i + l,i + 2 ,i + 3 ,i + 4 } where i and i + 2 are not zero modulo 
n, 

3) or C admits a defining set containing {1, 3, 2* + 2^, 2^ — 2*, 2^ — 2’'~^^} with i > 0 and j > i + 2, 

4) or C admits a defining set containing {1,3,9} and (n, 3) = 1, 

5) or C is one of the following: 

. n = 21, S'c = (0,1,3,7}; 

. n = 51, S'c = {1,3,9}; 

• n = 55, Sc = {0,1}. 

6 ) or C is a subcode of one of the codes of the above cases, 

7) or C is equivalent to one of the codes of the above cases. 

Proof. It is enough to inspect Case 1) of Theorem 23 □ 

Corollary 25. Let C be a code with length n < 63 and distance d G {7,8}. Then C is equivalent to a code 
D s.t Sd- 

Proof. It is an immediate consequence of Theorem 23. □ 

Let C be a code with f = 3, s a correctable syndrome and zi, Z 2 , z^ the error locations. Then C{X,z) = 
z^ + az^ + bz + c, where a,b,c G F 2 [ 2 f], and a(s) = zi+ Z 2 + Z 3 , b(s) = Z 1 Z 2 + Z 1 Z 3 + Z 2 Z 3 , c(s) = Z 1 Z 2 Z 3 . 
Moreover, there are three errors if and only if c(s) 0, there are two errors if and only if c(s) = 0 and 
b(s) ^ 0, and there is one error if and only if c(s) = b(s) = 0 and a(s) 0. Note that from the previous 
corollary any code with f = 3 and n < 63 is equivalent to a code with 1 in the defining set. This means that 
for all our codes the general error locator polynomial is of the form 

£(2f, z) = z^ + xiz"^ -\-bz + c, 

where xi is the syndrome corresponding to 1 G Sc- So we are left with finding the coefficients b and c. Of 
course, b in the t = 3 case should not be confused with b in the case of f = 2 case. Also, when 3 G S'c, 
actually we need to find only one of the two coefficients because in this case by Newton’s identities [18] we 
get c = Xi+X 3 +Xib, which involves only known syndromes, so from one coefficient we can easily obtain the 
other. In the following, will denote all the six terms of the type z^zj^, i,j G {1, 2,3}, and denotes 

all the six terms of the type i,j, k G {1, 2,3}. 

Let us consider the codes in 1) of Theorem 24. We have the following well-known result. 

Theorem 26. Let C be a BCH code with t = 3. Then C{X, z) = z^ + Xiz'^ + + c with 

_ {xlx 3 + 3 : 5 ) _ + x\ + xl+ X 1 X 3 ) 

(xf + xa) ’ ^ (xf + xa) 

Proof. It enough to apply Newton’s identities. □ 
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The next theorem provides a general error locator polynomial for codes in 2) of Th. 24. 

Theorem 27. Let C be a code with t = 3 and Sc containing {1, i, i + 1, i + 2, i + 3, i + 4 } where i and i + 2 

are not zero modulo n. Then C{X, z) = + xiz'^ + bz + c with 

XiU + Xi+iV Xi+lU + x^+ 2 V 

b = -, c = - 

W ’ W 

where U = Xi +4 + xiXi+ 3 , V = x^+s + xiXi +2 and W = + XiXi+ 2 - 

Proof Let us suppose that three errors occur, that is, e has weight three, and let s be its syndrome vector. It 
is a simple computation to show, using the Newton’s identities 

{ Xi-\-4 — XiXi-^^ “t“ bXi4-2 

Xi+3 = XiXi+2 + bXi+i + CXi 

that b = 2iiL±£i±iZ^ and c = where W = x‘f_^i +XiXi 4-2 = ^^ 1 , 1+2 which cannot be zero because 

i and i + 2 are not zero modulo n. Then, when /r = 3, £(s, z) is the error locator polynomial for C. 

Let us show that it is actually a general error locator polynomial for C. We have that 


X^+iU + X^+2V = {z\+^ + zi+^ + Z^+1) {z\+‘^ + 4+^ + zi+^ + (zi +Z2+ Z3)(zi+^ + Z^+^ + 2^+^)) + 
(zl+^ + Z^+^ + Z*+2) ( 2 I +3 + 4+3 + 4+3 + + 22 + Z3)(zi+^ + + 4+")) = Si,.+i,i+3, 


and 


XiU + Xi+iV = (zl + Z 2 + 4) + (- 2^1 + Z2 + Z3){z''^^ + 4"'’3 _|_ 4+3)) + 

(4+1 + 4+1 + ,44 (4+3 + ,43 ^ ^43 ^ ^ ^ ^ 4 ( 4+2 ^ 4+2 ^ 4+24 ^ 

= £l,i,i+3 + £l,i+l,i+2 + Li+l,i+3j 

Let us suppose that /i = 2. In this case, W = 2 ^ 2 ^^ which is again different from zero. Furthermore, 

Xi+iU + a:i+ 2 L = Ei_i+i_j_i _3 is zero because /x = 2. Finally, XiU + cCi+iL is different from zero because 
XiU + x^+iV = Ei,*,i +3 + Ei,*+i,i +2 + Si+i ,*+3 and Ei+i,j +3 cannot be zero. When ^ = 1, VF = 44"'’^ + 
Zi+^Z 2 = 0 and XiU + Xi+iV = Ej+i^^+s = 0. □ 


To obtain a general error locator polynomial for codes in 3) of Theorem 24, we need the following lemma. 


Lemma 28. Let Uk = X]i<ii<...<ifc <3 Zi^ - • • Zi^. be the kth elementary symmetric polynomial in the variables 
zi,Z 2 ^ Z 3 over F 2 , where k G {1,2,3}, and let Xh = X]f=i ^ F 2 [zi, 22 , Z 3 ] be the power sum polynomial of 
degree h, with h > 0. Then, for i > 0 and j > i + 2, 

2^4-2'^ 2* 2^ 

Xi + a:2»+2J = <^2 ^23—2* + ^3 X23—2*+^ 


Proof +^^ =( 2 : 1+22 + 23 )^*'''^^ = {zi + Z2 + Z 3 Y'{zi + Z2 + Z 3 Y^ = a; 2 i+ 2 i + E 2 i, 2 +On the other hand, 
(t| X 23 —2* = (2122 + ^1^3 + 2:2^3)^ {Zi ^+^2 ^+^3 ^) = E2i^2i + S2i^2\2J—2* and Cr^ X23—2'+3 = 
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{ziZ2Zs)‘ 




2 J _ 2*+1 


23 _ 2 *+i 


) = s 


2\2\2i-2* 


So X 


2'+2^ 


— X2i+2i + 0’2 X2i—2' + X 23 —2'‘+''-■ 


□ 


Theorem 29. Let C be a code with t = 3 and Sc containing {1,3, 2* + 2^, 2^ — 2*, 2^ — 2*+^} w/f/z i > 0 and 
j > i + 2. Then C{X, z) = z^ + xiz^ + bz + c with 

X 2 i-2'+3U + \ ^ ^ ( X23— 23 U -\-x\V 

w J ’ w 

where U = (xf + , V = x\ + a; 2 “+ 2 J> ^ = a^ 2 j_ 2 i + xf X 23 - 2 *+i and (2*)+ is the inverse of 2^ 

modulo n. 




Proof. Since the syndrome xi is a known syndrome, that is, 1 G Sc, we have that a = xi. From the Newton 
identity c = a;f + 0:3 + xifo we get that 


„3x2* 


xfY 


(17) 


On the other hand, by the previous lemma, we have that 

2 *+ 2 '’ , 7 , 2 * , 2 * 

Xi X2i+23 — b X23—2' +C X 23 —2'+^ 

Taking into account (17) and (18), a few computations lead to the equalities ( 


®2J-2* + l V+V 

w 


( 18 ) 


and 


= 


2i_2*+i 


j _2iU 

w 

2j_2*+i 


. Suppose that ^ = 3. Then IF = +zl ^+z^ ^ ')+(zf+zf+zf')(zi ^ + 


Z 2 ~ + ^3 ~ ) = ^ 2 G 23 - 2 ‘+i. Since j is an integer, it is not possible that 2* = 2^ — 2*+^, then W is 

different from zero. Also X 23 - 23 b/ + xf V = S 2 % 2 *+i, 23 - 2 *+ ^ 2 % 2 % 2 .) ^nd X 23 - 2 ‘+iU + V = S 2 \ 2 «+i, 23 - 2 *+i + 
S 2 t+i. 23 - 2 “- From the previous computations we get that if p = 2 then W Y 0, X 23 - 2 ‘^ + xf V = 0, and 
a;23_2*+iC^ + l^ f 0. The last equality is because 22 ^+ 1 ^ 23 - 2 * Y 0- Furthermore, if /i = 1, then X 23 - 23 + 111 +V = 
0 . □ 


Finally, let us consider the codes in 4) of Theorem 24. In [11] Elia presents an algebraic decoding for 
the (23,12, 7) Golay code providing the error locator polynomials for /x errors, for /x from one to three. In 
[16] Lee proves that the error locator polynomial corresponding to three errors is actually a weak error 
locator polynomial for this code. Notice that is a weak error locator polynomial for all cyclic codes C 
with f = 3, Sc containing {1,3,9} and (n, 3) = 1. Next theorem proves that one can obtain a general error 
locator polynomial for these codes by slightly modifying 

Theorem 30. Let C be a code with f = 3 and Sc containing {1,3,9} with (n,3) = 1. Then C{X,z) = 
z^ + xiz^ + bz + c with 

b = {xi+ )h, c = {x 3 + xiD^ )h, 

where D = ( _j_ ^ = (xi+x^) ^ ^ inverse of I modulo 2”^ — 1 with F 2 m 

the splitting field o/x" — 1 over F 2 . 
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Proof. Since 1 € Sc, we have that a = xi. From the following Newton identities 


Xg = XiXs + bxr + CXq 
X- j = XiXq + bxg + CXi 

< 

xs = a:ia;4 + bx^ + cxg 
Xg = X 1 X 2 + bxi + C 

\ 

using the equalities xg = x"^, and Xgt = xf for z > 0, we get 

(St®+ 

So b = xf + . From xg = xgxg + bxi + c, we find c = xg + xgD^ . Let us prove that £ is a general error 

locator polynomial. By Lemma 1 and Lemma 2 in [16], it is enough to note that when there is one error h = 0, 
while when there are two or three errors h = 1. □ 


TABLE V 

Binary cyclic codes with t = 3 and length < 121 covered by Theorem 27 


15, {1.3,5} 

21,{1,3,5} 

21, {1,5,9} 

23, {0,1} 

31, {0,1, 7, 15} 

31, {1,3,5} 

35, {1,3,5} 

35, {1,5,7} 

45, {1,3,5} 

49. {1,3} 

63, {1.3,5} 

63, {1,3, 11,23,27,31} 

63, {1,5,9, 13,21} 

63, {1,3, 11, 13,23} 

63, {1,5, 11,13,15} 

63, {1,15,23, 31} 

63, {1,5, 13, 15,21} 

63, {0,1,15, 31} 

63, {1,5,9,13, 15} 

63, {1,11,13,15, 23,27} 

69, {1,3,23} 

69, {0,1,3} 

75, {1,3,5} 

75, {1,3,25} 

77. {1,3} 

77, {1,7, 33} 

85, {1,3,5} 

85, {1,7, 13, 15. 17} 

85, {1, 15,29,37} 

85, {0,1,21,37} 

89, {0, 1,3} 

89, {0,1, 11} 

91, {1,3} 

91, {1,9, 19} 

91,{1,7,9,11,13} 

93, {1,5, 17,33} 

93, {1, 7, 9,17} 

93, {1,15, 17,31,33} 

93, {1, 11,23,45} 

93, {1,17, 23,31,33} 

93, {1,9, 17,33} 

93, {1,3, 5} 

105,{1,3,5} 

105,{1,3,,13,25} 

105,{1,5,9,17} 

105,{1,9, 13, 25} 

105,{1,5,7,9,11} 

105, {1,3,9,17, 25} 

105, {1,3,17, 21,25} 

105, {1,3, 11,17, 45} 

105, {1,5, 9, 49} 

105,{1,3,17, 25, 49} 

105, {1,9,11, 13, 15, 17} 

105, {1,9, 13,45,49} 

105, {1,9, 17,25,49} 

105,{1,9, 11,13, 45} 

105, {0,1,9, 13} 

105, {1,3,17, 35} 

113, {0, 1} 


115, {1, 23, 25} 

117, {0, 1,3} 

117, {0,1, 21, 29} 

119,{1,3} 

119, {1, 7. 17} 

119, {1,11, 13} 






TABLE VI 

Binary cyclic codes with t = 3 and length < 121 covered by Theorem 29 


15.{1,3,5} 

21, {1,3,5} 

21,{1,3,7,9} 

31,{1,3,5} 

35, {1,3,5} 

45, {1,3.5} 

49, {1,3} 

63. {1,3, 5} 

75, {1,3,5} 

77. {1,3} 

85.{1,3,5} 

91, {1,3} 

93, {1,3, 15,31,33} 

93,{1,3,7,9} 

93. {1,3, 5} 

105,{1,3,5} 

117, {1,3, 7} 

119, {1,3} 





In Tables V, VI we list binary cyclic codes, up to equivalence and subcodes, with length less than 121 which 
are covered by Theorem 27 and Theorem 29 respectively. We observe that in each table we also report BCH 
codes. 
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Table VII shows a general error locator polynomial for each code in Case 1) of Theorem 23 with n < 55. 
Since the codes in Cases 2) and 3) of Theorem 23 are equivalent or subcodes of the codes in Case I), so 
(Theorem 7) their general error locator polynomial is the same or can be easily deduced from one of the 
general error locator polynomial in the table. 

In Table VII the codes are grouped according to increasing lengths and are specified with defining sets containing 
only primary syndromes. For each of these codes, the coefficients b and c of the general error locator polynomial 
is reported respectively in the second column and in the third column; The value in the fourth column explains 
which point of Theorem 24 has been used to describe the corresponding code family. In all cases except case 4 
and for the codes with length n = 49 and n = 51, b and c are expressed in terms of primary syndromes: if the 
defining set in the last column is Sc = {ti, * 2 , • ■ •, with ii < i 2 < ■ ■ ■ < ij, then Xk denotes the syndrome 
corresponding to ik, for k = 1,2,... ,j. When 0 belongs to the defining set, it will be treated as if it were an 
n, with n the length of the code. For instance, for the code with length n = 21 and defining set {0,1,3, 7} the 
syndrome corresponding to 0 is X 4 . 

Codes described by the point 4 of Theorem 24 maintain the notation of Proposition 30, so Xi denotes the 
syndrome corresponding to i. In the case of the code with n = 49, xi,X 2 ,X 3 denote the syndromes corresponding 
to 1, 3, 5 respectively, while for the codes with length 51, xi,X 2 , X 3 ,X 4 ., X 3 denote the syndromes corresponding 
to 1, 3, 9,13,15 respectively. The coefficient a of the general error locator polynomial is not reported in Table 
VII because any code in Case 1) of Theorem 23 has 1 in its defining set, so in all cases a = xi. A general 
error locator for the codes with t = 3 and n = 55 is showed in Table XII in the Appendix A. 

VI. On the complexity of decoding cyclic codes 

In this section we estimate the complexity of the decoding approach presented in Section II for any cyclic 
code, along with a comparison with similar approaches for the case where the generator polynomial of the 
cyclic code is irreducible. 


A. Complexity of the proposed decoding approach 

Definition 31. Let K be any field and let / be any (possibly multivariate) polynomial with coefficients in K, 
that is, / G IK[ai,..., ajx] for a variable set A = {ai,..., aAr}. We will denote by |/| the number of terms 
(monomials) of /. 

Definition 32. Let A = {ai ,... ,aN} and B = {bi,..., Lm} be two variable sets. Let K be a field and let 
be a rational function in ]K(A). Let F G K[i?], fi,..., /m G K[A] and pi,..., pM G K[A]. We say that the 
triple (F, {fi..., /m}, {gi ■ ■ ■, Pm}) is a rational representation of F if 

= Fifi/gi, ■ ■■, Im/qm) 


. We say that the number 


M 


M 


i=l j=l,gj^K 
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TABLE VII 


Binary cyclic code with t = 3 and n < 55 



b 

c 


Codes 

D 

(a:fcc 2 +cc^+x^+ 311 x 3 ) 

(xf X 2 +X 3 ) 

1 

{1,3,5} 


(x'f+X2) 

21 

(xfx2+x^+x^+xix3) 

(xfx2+X3) 

1 

{1,3,5} 


(x^-\-X2) 

x^(x'j’+X 2 ) + (cc^+X 4 ) 

X 3 (x'j’+X 2 ) + xi(xtj'+X 4 ) 

3 

{1,3, 7,9} 

x^ + xixi 

X 3 + xix;^ 

X4X1 + X^x^ + X^X2 + X^X^Xi + X^x'i + 
x^x^x^^ ^X^x^x]^ + 3 : 33 : 23 :}^ +XzX^ + 

3^23^^^ + X^xf^ + 3 : 23 :^"^ + X^x^ + 3 : 23 :^° + 

2^4^53 X^X^^ +3^2^!^ +3^2^!^ “ 1 “ 

2 38 1 41 1 20 1 23 1 2 

XrjX-f + 312^1 “ 1 “ 312^1 “ 1 ” 21-1 + X-f 

xf + X2 + xib 

5 

{0,1,3,7} 

23 

/ / 9 \ 1365\ 

(xf+X 3 + bxi)^^^l^^ll-^ 

1 

{ 1 } 

{x\ + X3) 

(x-iX2 + 2 : 3 ) 

31 

(xf X 2 +x°+X 2 +cciX 3 ) 

(xf X 2 +X 3 ) 

I 

{1,3,5} 

[xf+IF) 

(x'-}+X2) 

x|(x4+xiX3) + X2(3;3+3;i3i3) 

X2(x4+xiX3) + X 3 (x 3 +xiX 3 ) 

2 

{0,1,7,15} 

(xP+x^) 

(x^^+x^) 

35 

(xf X 2 +x° +X 2 +X 1 X 3 ) 

(xf X 2 +X 3 ) 

1 

{1,3,5} 

[xf+IF) 

Fxf+xTT 

X3(xf°+xixf + x^(x^+xl‘-"^^) 

x\(xf^JrX-i_xl) + xf^^*(xlJrXp°^^) 

2 

{1,5,7} 


x|^ + X 3 xf'J^‘^ 

45 

(x^X 2 +x°+X 2 +xiX 3 ) 

(xf X 2 +X 3 ) 

1 

{1,3,5}, 

(x-i-Vx2) 

(x-i-Vx2) 

X 4 (xiX 3 +xJ‘*)+x^'^ (x^+xj-^'^) 

xf“(xix^+xj‘*)+xf-"''(x^+xf-"-^) 

2 

{1,5,9,15} 

xp ^^4 + xf^ 

xf ^^X 4 +xf^ 


(x^X 2 +x°+X 2 +xiX 3 ) 

(xf X 2 +X 3 ) 

1 

{1,3} 

(a:f+ 3 : 2 ) 

(a:f+ 3 : 2 ) 

51 

4 +(.;+«)(^^+(ifS|+i)(^+ 

X 4 +X 2 XI 

<12, 

qi — {X3X^ + X3X2XI + X^X^ + 3 I 3 + X3X2XI + 

X2X^ + X3X2 + X 5 xf + X^X2 + X2) 

Q2 — (21}^ + x^x^ + 314312 + 3 ^ 5311 ) 

xf + X2 + xib 

5 

{1,3,9} 


is the density of the rational representation {F, {/i ..., /m}, {<7i • • •, 9m})- 

Then, we define the functional density of F, ||J^||, as the minimum among the densities of all rational 
representations of F. 

With the notation of Definition 31 and 32, we have the following result, that shows their interlink and how 
natural Definition 32 is. 

Theorem 33. Let A = {ai,..., ajv}- If ^ is a polynomial in ]K[a1], rather than a rational function in ]K(a1), 
then 

Moreover, if F = ai + 32 then ||J^|| = |J^| = 2. 

Proof Let F G K[a 1] and let p = |J^|. Then F = where any hi is a monomial for 1 < i < p. 
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Let us consider the following rational representation for T 

p 

B = {hi,... ,hp} , F = '^hi, fi = hi, gi = 1, 1 < i < p, 
then the rational density of {F, {/i, ..., /p}, [gi,.. • ,5p}) is 

1^1++ L/ =p+o+o = /9, 

i=l j=l,gj 0 L 

which implies ||J^|| < p, as claimed. 

To prove the case F = + & 2 , we argument by contradiction assuming ||J^|| = 1. Let us consider the 

rational representation of F providing 

M M 

ii-^ii = i^^i + E(i/*i-i)+ E \9o\ = 1- 

i=l j=l,gi<pK 

Since |F| > 1, we must have |F| = 1, E^id/il - 1) = 0 and \9]\ = 0- 

Therefore, M = 1, |/i| = 1 and gi = v & "K. From M = 1 and |F| = 1 we have F = Ab^ for A G K and 

/i > 1, and so = F{fi/gi) = Recalling that F = ai + a 2 , we finally have a contradiction 

|/i| = l ^ = 1 , but |J-| = |ai + a 2 | = 2 . 

□ 

For example, the locator C G '¥ 2 \z, xi,X 2 , X 3 , X 4 , x^] for the case treated in Theorem 19 can be easily shown 
to have functional density ||£|| < 6 , thanks to the following rational representation 

^ = F{fi/gi,f2/g2,h/g3), 

where F G F 2 [bi,b 2 ,b 3 ], /i,/ 2 ,/a, ffi, 52,53 G ^ 2 ( 2 :, xi, a; 2 , ^ 3 , X 4 , X 5 ] and 

F = bl+ 61 &2 + /l = Z,gi = 1, /2 = Xi,p 2 = 1, h = X 2 X 4 +X 5 ,g 3 = X 3 . 

Conjecture 34 (Sala, MEGA2005). 

Let p > 2 be a prime, m > 1 a positive integer and let q = p™. There is an integer e = e{q) such that for any 

cyclic code C over the field with n > q'^ — 1, gcd(n, q) = 1, 3 < d < n — 1, 

C admits a general error locator polynomial Cc whose functional density is bounded by 

IlFcll < ■ 

Moreover, for binary codes we have e = 3, that is, e(2) = 3. 

Let C be a cyclic code over F^ of length n. Let d be its distance, t its correction capability and Sc = 
{ii,..., ir} a defining set of C. Let Cc be a general error locator polynomial of C. 

Definition 35. If Cc G F 2 [xi,... ,Xr], then we say that Cc is sparse if ||Fc|| < 

If Conjecture 34 holds and Cc G F,[xi,... ,Xr\, then we say that Cc is sparse if ||Fc|| < 
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The decoding procedure developed by Orsini and Sala in [13] consists of four steps: 

1) Computation of the r syndromes si,..., corresponding to the received vector; 

2) Evaluation of Cc{xi,... ,Xr,z) at s = (si,...,Sr); 

3) Computation of the roots of £c(s, z); 

4) Computation of the error values ei^,..., ei^ 

By analyzing the above decoding algorithm, we observe that the main computational cost is the evaluation 
of the polynomial Cc{xi, ... ,Xr, z) at s, which reduces to the evaluation of its z-coefficients. Indeed, the 
computation of the r syndromes si,...,Sr. and of the roots of Cc{s,z) cost, respectively, 0{t^/n) and 
max(0(fY^), 0(< log(log(f)) log(n))) ([27]), while the computation of the error values using Forney’s al¬ 
gorithm costs 0{t^) ([28]). Therefore, we can bound the total cost of steps 1, 3 and 4 with Oiv?). 

The following theorem is then clear and should be compared with the results in [29], which suggest that for 
linear codes an extension of Conjecture 34 is very unlikely to hold. 

Theorem 36. Let us consider all cyclic codes over the same field with gcd(n, q) = 1 and d > 3. 

If Conjecture 34 holds, they can be decoded in polynomial time in n, once a preprocessing has produced sparse 
general error locator polynomials. 

Proof. The only special situations not tackled by Conjecture 34 are the finite cases when n < q'^ — 1, which of 
course do not influence the asymptotic complexity, and the degenerate case when d = n, which can be decoded 
in polynomial time without using the general error locator algorithm. □ 

Although all reported experiments (at least in the binary case) confirm Conjecture 34, we are far from having 
a formal proof of it, therefore we pass to estimate the cost of the crucial step 2 starting from results claimed 
in this paper or found elsewhere in the literature. 

To estimate the cost of evaluating the polynomial Cc (at the syndrome vector s) we will mainly use Corollary 13, 
its consequences for the case X = n (which we can always choose), and the corresponding degree bound. We 
can neglect the cost of computing the values and consider polynomials in the new obvious variables. In 
[30], Ballico, Elia and Sala describe a method to evaluate a polynomial in Fq[a;i,... ,Xr] of degree <5 with a 
complexity 0(6'^^^). To estimate our 6, we observe that, by Corollary 13, we have a bound on the degree of 
each z-coefficient of Cc in any new variable and so its total degree is at most 

then, using the method in [30], the evaluation of (the z-coefficients of) Cc at s costs 

O - l)(r - 1) + ^ . (20) 

So, we get that the cost of the decoding approach we are proposing is given by 

o(n^ + t(^iq^-l){r-l) + ^^^^y y (21) 
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We are going to show that there are infinite families of codes for which this approach is competitive with more 
straightforward methods (even for low values of t). 

Let us fix the number of syndromes r, and let 7 be an integer 7 > 1. Let be the set of all codes over 
Fq with length n such that the splitting field of x" — 1 over is q"* — 1 = 0{ri*) (and gcd(n,q) = 1). For 
codes in the complexity ( 21 ) of this decoding depends on r and it is 

r >2, O , r = 1, 0{n^ + tn ^). (22) 

So, any family ^ provides a class containing infinite codes which can be decoded in polynomial time, with 
infinite values of distance and length. Obviously, these classes extend widely the classes which are known to 
be decodable in polynomial time up to the actual distance. 

Theorem 18,19,20, Corollary 22 and Theorem 27, 29, 30 show cases where the previous estimation can be 
drastically improved, at least for t = 2 and t = 3. Indeed, these theorems provide (infinite) classes of codes 
with t = 2 and t = 3 for which the evaluation of Cq costs 0(1), and so the decoding process costs O(n^). 
For t = 2 and t = 3 exhaustive searching method cost, respectively, 0{n^) and 0{n^). For f = 2 we match 
the best-known complexity and for t = 3 our method is better. 


B. Comparison with other approaches 

In the last years, several methods were proposed for decoding binary quadratic residue (QR) codes generated 
by irreducible polynomials. In [ 8 ], Chang and Lee propose three algebraic decoding algorithms based on 
Lagrange Interpolation Formula (LIF) for these codes. They introduce a variation for the general error locator 
polynomial, which we may call fixed-weight locator. A fixed-weight locator is a polynomial able to correct all 
errors of a fixed weight via the evaluation of the corresponding syndromes. They develop a method to obtain a 
representation of the primary unknown syndrome in terms of the primary known syndrome and a representation 
of the coefficients of both fixed-weight locator and general error locator polynomial for these codes. These 
polynomials are explicitly obtained for the (17,9,5), (23,12,7), (41,21,9) QR codes. In Table VIII we treat 
these three codes one per column showing the number of terms relevant to the alternative representations. For 
each code, the second row deals with representation of the chosen primary unknown syndrome, while the last 
deal with two locators. 


TABLE VIII 

Number of terms of unknown syndrome, fixed-weight locator and general error locator 



(17,9,5) 

(23,12,7) 

(41,21,9) 

Splitting field 

F 28 

Fjii 

F 220 

Unknown syndrome 

5 

17 

1355 

Fixed-weight locator 

4 

15 

1270 

General error locator 

4 

76 

1380 
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Note that, for all the three codes, the general error locator polynomials are sparse (even without using the 
rational representation) as forseen in Conjecture 34. In particular the (41, 21,9) code has correction capability 
t = A and the number of terms of its locator is less than n*^ = 41^ = 68921. Observe also that the evaluation 
of the locators of the (23,12, 7) code in Table VII and in [8] cost approximately the same. 

In [31], Chang et al. propose to decode binary cyclic codes generated by irreducible polynomials using, as 
in [8], an interpolation formula in order to get the general error locator polynomial but in a slightly different 
way. The general error locators they obtain satisfy at least one congruence relation, and they are explicitly 
found for the (17, 9, 5) QR code, the (23,12, 7) Golay code, and one (43, 29, 6) cyclic code. Table IX shows 
the maximum number of terms for the coefficients of these three polynomials. Also in this case, the locators 

TABLE IX 

Maximum number of terms among the locator coefficients ui 



(17,9,5) 

(23,12,7) 

(43,29,6) 

Splitting field 

F 28 

Fjii 

F 214 

General error locator 

9 

203 

25 


are sparse for the three codes. 

In [32], Lee et al. extend the method proposed by Chang and Lee in [8] for finding fixed-weight locators and 
general error locators for binary cyclic codes generated by irreducible polynomials to the case of ternary cyclic 
codes generated by irreducible polynomials. These polynomials are presented for two ternary cyclic codes, one 
(11, 6, 5) code and one (23,12, 8) code. In Table X we report the maximum number of terms of the coefficients 
of the general error locator for these two codes. 


TABLE X 

Maximum number of terms among the locator coefficients ui 



(11,6,5) 

(23,12,8) 

Splitting field 

F 35 

F 311 

General error locator 

232 

15204 


To discuss the sparsity of these cases one would need to know e(3) from Conjecture 34. Assuming an optimistic 
stance, let us compare their sparsity with e(3) = 3, that is, let us assume the polynomial exponent of the ternary 
codes to be the same as that of binary codes (reasonably e(3) > e(2)). 

The first locator is definitely sparse, with \C\ = 232 < 1331 = 11^. For the second locator we have |£| = 15204 
which compared to = 23^ = 12167 show that the locator is not sparse (although the numbers are close) 
and indeed we believe much sparser locators exist for this code, still to be found. 

In the same paper ([32]) the authors give also an interesting upper bound on |£| which holds for any 
irreducible ternary cyclic code, as follows. 
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Proposition 37 ([32]). Let C be a ternary cyclic code of length n with defining set Sc = {1}, and error 
correction capability t. Each coefficient of a general error locator polynomial can be expressed as a polynomial 
in terms of the known syndrome xi and the number of terms of this polynomial is less than [— 

Indeed, we can generalize their result to the following theorem holding over any finite field. 

Theorem 38. Let C be any cyclic code over of length n with defining set Sc = {1}, gcd(n, q) = 1 and error 
correction capability t. Each coefficient of a general error locator polynomial can be expressed as a polynomial 
in terms of the known syndrome Xi and the number of terms of this polynomial is less than 

Proof By considering Corollary 13 and the fact that to obtain any locator coefficient, one can use simply 
(univariate) Lagrange interpolation on the set of correctable syndromes, which are obviously 1 + ~ 

irc). □ 

With q fixed, the codes covered by the previous theorem are actually the component of our families Cf ^ for 
7 > 1. Depending on the actual considered length we will have the correct determination of 7 , since this value 
strongly depends on the size of the splitting field. By (21) case r = 1, the time complexity of the decoding 
method for codes in ^ is 

O (n^ + . (23) 

Using the estimation given by Proposition 37, the complexity of the same decoding approach for these codes 
is 

O (n^ + . (24) 

We observe that which of the two estimations is better depends on the particular values of t and 7 . 

VII. Conclusions 

This paper provides additional theoretical arguments supporting the sparsity of the general error locator 
polynomial for infinite families of cyclic codes over Fg. For infinite classes of binary codes with t = 2 and 
f = 3 a sparse general error locator polynomial is obtained. Furthermore, for all binary cyclic codes with length 
less than 63 and correction capability 3, we see that the number of monomials never exceeds five times the 
code length. 

We provide some argument showing the link between the locators’ sparsity and the bounded-distance 
decoding complexity of cyclic codes, which might turn out to be of interest. 

Appendix A 
Some tables 

Table XI report the codes with t = 3 and n < 63 grouped according to increasing lengths, and, within the 
same length according to Theorem 23, i.e. if two codes with the same length are equivalent or one is a subcode 
of the other,then they are in the same group. For each group there is a code in bold, which is the one reported 
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in Table VII, i.e. the code for which we determined a general error locator polynomial and that can be used to 
obtain locators for all the codes of the group. 


TABLE XI 

Binary cyclic codes with t = 3 and n < 63 


n 

Codes 

15 

{1,3,5}, {3,5,7}, {0,3, 5, 7}, {0,1, 3, 5} 

21 

{1,3,5}, {1,5,9}, {1,3, 5, 9} 

{1, 3, 7, 9}, {3, 5, 7, 9}, {0, 3, 5, 7, 9}, {0,1, 3, 7, 9} 

{0,1, 3, 7}, {0, 5, 7, 9}, {0,1, 3, 7, 9}, {0, 3, 5, 7, 9} 

23 

{!}, {5}, {0,1}, {0,5} 

31 

{1, 3, 5}, {1, 5, 7}, {3, 5,15}, {3,11,15}, {0,1, 5, 7}, {0, 3, 5,15}, {0,1, 3, 5}, {1, 3,11}, 

{1, 7,11}, {0,1, 7,11}, {0,1, 3,11}, {5, 7,15}, {0, 5, 7,15}, {7,11,15}, {0, 3,11,15} 

{0,1, 7,15}, {0,1, 3,15}, {0, 3, 7,11}, {0, 5,11,15}, {0,1, 5,11}, {0, 3, 5, 7} 

35 

{1,3,5}, {1,3,15}, {1,3,5,15} 

{1, 5, 7}, {3, 7,15} {0, 3, 5, 7,15}, {0,1, 5, 7,15}, {0, 3, 7,15}, {0,1, 5, 7}, {3, 5, 7,15}, 

{1,5,7,15} 

45 

{1, 3, 5}, {1, 5, 21}, {5, 7, 21}, {3, 5, 7}, {0,1, 3, 5, 9, 21}, {3, 5, 7, 9,15}, {1, 3, 5, 9, 21}, 

{1, 5, 9, 21}, {1, 5,15, 21}, {0,1, 5, 9, 21}, {0,1, 5,15, 21}, {0, 3, 5, 7, 9,15}, {1, 3, 5, 9}, 

{0, 3, 5, 7,15, 21}, {0,1, 3, 5, 9}, {3, 5, 7,15, 21}, {0, 3, 5, 7, 21}, {1, 5, 9,15, 21}, {3, 5, 7, 21}, 
{0, 3, 5, 7, 9,15, 21}, {0,1, 3, 5}, {5, 7, 9, 21}, {1, 3, 5, 9,15}, {0, 5, 7, 9, 21}, {0,1, 5, 9,15, 21}, 
{0,1, 3, 5, 9,15}, {0,1, 3, 5,15, 21}, {3, 5, 7, 9,15, 21}, {1, 3, 5,15, 21}, {3, 5, 7,15}, 

{0, 3, 5, 7,15},{0,1, 3, 5, 9,15, 21}, {5, 7,15, 21}, {1, 3, 5, 9,15, 21},{0, 5, 7,15, 21}, 

{0, 3, 5, 7, 9, 21}, {0,1, 3, 5, 21}, {1, 3, 5,15}, {3, 5, 7, 9, 21}, {5, 7, 9,15, 21}, {3, 5, 7, 9}, 

{0,1, 3, 5,15}, {1, 3, 5, 21}, {0, 5, 7, 9,15, 21}, {0,1, 5, 21}, {0, 3, 5, 7, 9}, 

{0,3, 5, 7}, {5,7,21}, {0,5,7,21} 

{1, 5, 9,15}, {5, 7, 9,15}, {3, 5, 7, 9,15}, {0, 3, 5, 7, 9,15}, {1, 5, 9,15, 21}, 

{0, 3, 5, 7, 9,15, 21}, {1, 3, 5, 9,15}, {0,1, 5, 9,15, 21},{0, 5, 7, 9,15}, {0,1, 3, 5, 9,15}, 

{3, 5, 7, 9,15, 21}, {0,1, 3, 5, 9,15, 21}, {1, 3, 5, 9,15, 21}, {0, 5, 7, 9,15, 21}, {0,1, 5, 9,15} 

49 

{1,3} 

51 

{1, 3, 9}, {3, 9,11}, {3, 9,19}, {3, 5, 9} {1, 3, 9,17}, {0,1, 3, 9}, {3, 5, 9,17}, {0, 3, 5, 9,17}, 
{3, 9,11,17}, {0, 3, 9,11}, {3, 9,17,19}, {0, 3, 9,11,17}, {0, 3, 9,17,19}, {0, 3, 9,19}, 

{0,1,3,9,17}, {0,3, 5, 9} 

55 

{0,1},{0,3} 


In Table XII we show the coefficients b and c of a general error locator polynomial for binary cyclic codes 
with t = 3 and n = 55. For the sake of conciseness, both b and c are represented in the form described in 
Theorem 12, where yi stands for xf®. 
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TABLE XII 

General error locator for cyclic codes with t = 3 and n = 55 



Appendix B 

Proof of equation ( 15 ) 

Proposition 39. Let C be the code with length n = 51 defined by Sc = { 0 , 1, 5 }. If fx = 2 , then 

{x\ + Xa) =0 if and only if = 1. 

Proof. Let us suppose that {x\ + X3) = 0 . Since we have that 

x\ = {zi + Z2y = zl + zl + {Z1Z2) {{zi + Z2f + {ZlZ2f{zi + Z2)) , ( 25 ) 

then {x\ + xz) = 0 and p = 2 implie that {zi + 22)^ = {ziZ2)‘^{zi + 22)- So 

((^1 + Z 2 ff^ = iiz,Z 2 fiz, + Z 2 )f\ ( 26 ) 

Since the splitting field of x^^ + 1 over F2 is F256, then = 1 . But we have also that 2:12:2 G ^255, so 
(2:12:2)^^®^ = 1 . Then, by ( 26 ) we get that (2:1 + 22)^^ = 1 - 
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Vice-versa, if = 1 then = xP. But xf^ = = zP -I- zP = X13, so xP = X13. By Newton’s 

identities [18], we know that xf = X5 -f 6x3. So, 

xP = X3X® = (X5 -I- bx3)xf = X5X® -f 6x3X3 = Xi3 -I- 6^X3 -I- 6x3X3. ( 27 ) 

Since x}^ = X13, then, by ( 27 ), 6^x3 -I- 6x3X3 = 0 . So, since 6 p 0 , either b = x\ or X3 = 0 . 

If 6 = x\, then, by ( 25 ), X3 = xy -f xpxf -I- xfxi) = xy. 

If X3 = 0 then xf = X5 -f 6x3 = X5. Then 

X3 = X3X3 = X5X3 = Xy -I- 6x3 

. Since X3 = 0 , then X3 = xy. □ 
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